Abstract. This paper studies the Kohn-Nirenberg phenomenon -existence of weakly pseudoconvex but locally nonconvexifiable hypersurfaces. We give a characterization of such hypersurfaces in terms of a generalized model, which captures behaviour of the hypersurface also in the complex nontangential direction. As an application we obtain a new class of nonconvexifiable pseudoconvex hypersurfaces with convex models.
Introduction
Although local convexity of the boundary of a weakly pseudoconvex domain in C n is not a biholomorphic invariant, it is often used as an assumption which provides useful tools to study biholomorphically invariant objects (see e.g. [4] , [5] , [16] ). The natural invariant condition for results of this kind is then just that the domain be locally biholomorphic to a convex domain. This property is usually called local convexifiability, and one would like to find verifiable conditions for it to hold.
The history of this problem starts in 1973 with the work of J. J. Kohn and L. Nirenberg ( [10] ). It was then a well known fact that both strongly pseudoconvex and Levi flat hypersurfaces are locally convexifiable. In the intermediate case, when the Levi form vanishes at the point, but not identically, the situation turned out to be much more interesting. The example of a nonconvexifiable pseudoconvex domain in C 2 , discovered by Kohn and Nirenberg, opened the problem how to characterize locally convexifiable domains.
This question was considered in [11] and [13] , with results giving a satisfactory answer for the class of model domains. They are based on exact conditions computed for domains of Kohn-Nirenberg type (see also Proposition C below). These results do not take into account behavior of the defining function in the complex non-tangential direction. Moreover, convexifiability of the model domain is necessary, but not sufficient for convexifiability of the domain itself. Hence the question of other possible obstruction to convexifiability remained open.
Our aim in this paper is to extend the results of [11] , [13] , by means of introducing a generalized model domain which almost always carries the information about local
The author was supported by a grant of the GAČR no. 201/05/2117. convexifiability of the domain itself. In this way, the problem which apriori requires to consider the whole infinite dimensional group of germs of local biholomorphisms is reduced to a simple finite dimensional problem, which is often solved by an application of the explicit results of [11] .
As an application, we find a new class of examples of nonconvexifiable domains. While all previous examples are on the level of model domains, we describe nonconvexifiable pseudoconvex domains whose model domains are convexifiable.
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Generalized model domains
We will consider a pseudoconvex domain D ⊆ C 2 with real analytic boundary M, and a point p ∈ M of finite type k, where k > 2. Recall that the type of a point measures the maximal order of contact of M with complex curves passing through p. Strongly pseudoconvex points correspond to points of type two. It follows from pseudoconvexity that k is an even integer. We will use local holomorphic coordinates (z, w), z = x + iy, w = u + iv, centered at p, such that the direction of the positive v-axis is the inner normal direction to D at p and write the defining equation for M in the form v = F (z,z, u) . It follows directly from the definition of finite type that we can choose the coordinates so that the above equation takes form
where P 1 is a real valued homogeneous polynomial of degree k
for some a j ∈ C and a 0 ∈ R + . The domain
Its boundary is a model hypersurface to M at p. It is determined uniquely up to a linear change of variables and addition of a harmonic term Re αz k (see e.g. [7] or [13] ).
Definition 1. M is called locally convexifiable at p ∈ M if there exist local holomorphic coordinates in a full neighbourhood of p such that M is convex with respect to the underlying linear space.
The polynomial P 1 in (2.1) captures local behavior of M in the complex tangential direction. In order to study convexifiability of M near p we wish to take into account also behavior in complex nontangential directions, involving the variable u. A natural tool for this is provided by weighted coordinates. We will assign weights to the coordinates z, w and u. The following construction is similar to Catlin's definition of multitype in C n (see [1] ), where only complex tangential variables are considered.
Definition 2.
A weight vector is a pair of rational numbers λ = (λ 1 , λ 2 ) such that λ 1 = 1 n for some n ∈ N and there exist integers k 1 , k 2 , with k 2 > 0 such that
The weight of monomials c ijk z izj u k and d ij z i w k is defined to be (i + j)λ 1 + kλ 2 and iλ 1 +kλ 2 , respectively. A real valued polynomial P (z,z, u) is λ-homogeneous of weight γ if it is a sum of monomials of weight γ, and similarly for a holomorphic polynomial P (z, w). The weight of a function h(z, w) is the lowest of the weights of the terms in its Taylor expansion at the origin.
Given a domain and a point on its boundary, we first assign weight to the variable z, equal to the reciprocal of the type of the point, i.e., λ 1 = 1 k . The weight of w and u will be denoted by µ, and is determined as follows. We will call a weight vector λ = ( 1 k , λ 2 ) allowable, if there exist local holomorphic coordinates such that the defining equation can be written in the form
is a λ-homogeneous polynomial of weight one, and o wt (1) denotes terms of weight bigger than one with respect to the weight (
, λ 2 ). Clearly, for any real δ > 0 there are only finitely many rational numbers λ 2 bigger than δ such that (
is a weight. When the set of allowable values for λ 2 is finite, we set µ to be the smallest of them. If the set is not bounded away from zero, we set µ = 0.
When µ > 0, we fix local holomorphic coordinates (z, w) which correspond to the weight λ = ( 1 k , µ). Hence the defining equation has form
where, as before, the leading term will be denoted by P (z,z, u). The hypersurface given by v = P (z,z, u) will be called a generalized model to M at p.
If µ = 0, a generalized model is defined to be
Hence in this case it coincides with the standard model hypersurface.
Characterizations of convexifiability
Let H k,µ denote the set of all real valued λ-homogeneous polynomials in z, u of weight one which are harmonic in the z variable. Clearly, h(z, u) ∈ H k,µ if and only if
for some α m ∈ C. For (z, u) ∈ C × R and ζ ∈ C we will use the following notation for the value of the real Hessian restricted to the z-direction:
where z = x 1 + ix 2 and ζ = ξ 1 + iξ 2 . Since P is weighted homogeneous, positivity of D 2 z P is determined by its restriction to the set S 2 × S 1 , where S 2 = {(z, u) ∈ C × R : |z| 2 + u 2 = 1} and S 1 = {ζ ∈ C : |ζ| = 1}. Our aim is to prove the following pair of conditions for convexifiability of M.
Proof. Let h ∈ H k,µ be such a function and letP = P + h. Considering first the condition on the u-axis, it follows from the assumption that
) with a positive coefficient. By homogeneity, we have
for a sufficiently small ǫ > 0. By the change of coordinates
we get
Comparing terms of weight ≤ 1 on both sides we obtain
We will prove that F * is a convex function in a neighbourhood of the origin. Denote P * (z,z, u) =P (z,z, u)+u 2 and consider its 3×3 Hessian matrix with respect to the variables x, y, u. The 2 × 2 submatrix of the Hessian formed by the derivatives with respect to x and y satisfies (3.1), hence is positive semidefinite. It remains to prove that the determinant of the Hessian is also nonnegative in a neighbourhood of the origin. We calculate the weights of the terms entering into the determinant. On the one hand, wt(P * uu P * xx P * yy ) = wt(P * uu P * xy P * yx ) = 2 − Proof. We will assume that D 2 z (P + h) is not nonnegative on S 2 × S 1 for any h ∈ H k,µ , and show that M cannot be convex in any other coordinates. If µ = 0, the claim follows from Lemma 3 in [13] . Let µ > 0. Recall that we are considering local holomorphic coordinates in which the defining equation has form (2.4). Consider a holomorphic transformation
We may restrict ourselves to transformations which preserves our description of M, i.e., v * = 0 is tangent to M at p = 0 * and the positive v * -axis points inside. Also, without any loss of generality we may assume that the linear part of the transformation is normalized. More precisely, we require that f = 0 , g = 0 , f z = 0 , at z = w = 0 and g z = 0 , f w = 0 at z = w = 0 .
We will call f subhomogeneous if wt(f) ≤ wt(w) and superhomogeneous if wt(f) ≥ wt(w). Similarly, g is subhomogeneous if wt(g) ≤ wt(z) and superhomogeneous if wt(g) ≥ wt(z). If the preceeding inequalities are strict, we speak of strict subhomogeneity and superhomogeneity.
Let F * be the function describing M in new coordinates. Substituting (3.2) into v * = F * (z * ,z * , u * ), we get a formula relating coefficients of F * and F , f, g,
where g and Re f are also evaluated at (z, u + iF (z,z, u)), i.e. on M. We write the transformation in the form
Consider another transformation of the form
We will show that for suitable values of δ j the defining equation in coordinates (z * * , w * * ) has either form (2.4), or the leading weighted homogeneous term is harmonic.
We denote by
the composition of the two transformations, which is given by
Now we determine inductively the coefficients δ j in such a way that g * * is strictly superhomogeneous. We obtain δ 1 = −α 1 , δ 2 = −α 2 − δ 1 ǫ 2 , and so on up to index 1 kµ . Now we use (3.3) and consider terms of weight less or equal to one. There are two possibilities. Either f * * contains terms of weight strictly less then one, in which case the leading weighted homogeneous term of F * * is harmonic and the domain cannot be locally convex. Or all terms in f * * are of weight at least one, then F * * has form (2.4), with the leading term equal to P + h for some h ∈ H k,µ . Hence, by assumption, F * * is not convex. Since the transformation (3.4) only shifts complex lines parallel to the z-axis, it does not influence convexity in the z direction. It follows that the defining function F * in coordinates (z * , w * ) is not convex either, which proves the statement.
Convexifiability and Kohn-Nirenberg invariants
For applications of Propositions A and B we will need the explicit results obtained in [11] for model domains. In order to state those results, we recall the definition of a Kohn-Nirenberg domain of type k, l. For two even integers k, l and a positive real number a we denote
and call M k,l a a Kohn-Nirenberg domain of type k, l. The Kohn-Nirenberg example is a domain of this type, where k = 8, l = 6 and a = [11] . Now we consider the general case, when the hypersurface is given by
where P 1 (z,z) is a polynomial of the form (2.2). For such domains we now define the Kohn-Nirenberg invariants.
Definition 3. Let the model hypersurface to M at p be given by (2.3), and let l be an even integer, 0 < l < k. We will call the real number κ l = |a l | a 0 the Kohn-Nirenberg invariant of order l.
The first appearance of such an invariant is the seminal paper [10] . The originally mysterious constant 15 7 , which appears in the Kohn-Nirenberg example is an invariant of order six.
We can view these invariants as 3-rd level local biholomorphic invariants, the first level being the signature of the Levi form, with values in {−1, 0, 1}, the second level being the type of p, taking integer values.
We now show that κ l is indeed an absolute biholomorphic invariant. The argument is based on the following fact. The polynomial P 1 in (2.1) is determined uniquely up to biholomorphic transformations
where α, β ∈ C. This was proved in Lemma 2 in [11] . For the reader's convenience, we give the argument here. Consider holomorphic transformations of the form (3.2) and let F * be the function describing M in new coordinates. Consider again the change of variables formula:
We have to show that if a transformation (3.2) preserves the form given by (2.3),(2.1), then the new leading polynomial P * of F * can be obtained from P by a transformation (4.2). We assign again weights to the variables z, w, u. Weight 1 is given to z,z and weight k to u and w. F starts with terms of weight k, so the terms of weight ν for ν ≤ k in Im f(z, u+iF (z,z, u)) come from corresponding terms of weight ν in f(z, w). It follows that f does not contain z 2 , . . . , z k−1 , for all other entries in the change of variables formula are of weight ≥ k. So Re f has also weight ≥ k, and the change of variables formula becomes
where dots stand for terms of weight > k. Now we compare terms of weight k on both sides, which shows that P * depends only on terms of weight 1 in g and weight k in f. In other words, it is obtained from P by a transformation (4.2). Now we finish the argument by observing that the numbers κ l are preserved by this transformation.
In the general case we have a sufficient and a necessary condition for local convexifiability. The suffiecient condition was proved in [12] .
then M is locally convexifiable at p.
The necessary condition was proved in [11] Theorem 2. Let the model at p ∈ M be given by (2.3). If M is locally convexifiable at p, then
We note that the Kohn-Nirenberg phenomenon does not occur for model domains of type four. Here P is of the form
where a ≥ 0. M D is pseudoconvex if and only if a ≤ . It is easily verified that the case a = 4 3 corresponds to the tube domain v = x 4 , which is convex. It follows immediately that for a < 4 3 , M D are convexifiable by adding a suitable harmonic fourth order term. On the other hand, it is not known if all type four domains are locally convexifiable. Partial results were obtained in [13] and [14] . The first one shows that if a < 4 3 then the domain is convexifiable.
If a = 4 3 , then the model is a tube. Convexifiability was proved under the additional assumption that the domain is rigid, i.e. in some coordinates it can be written as
whereā ij = a ji .
Examples of nonconvexifiable domains with convex models
Using Proposition B and C we can easily give examples of pseudoconvex domains which are not convexifiable, although their model domains are.
For a > 0 we will denote . The generalized model is given by v = P (z,z, u), where P (z,z, u) = |z| 8 + (|z| 6 + a|z| 2 Rez 4 )u 2 .
Now we calculate the Levi form. To obtain the pseudoconvexity condition in terms of F , we take r(z, w) = F − v as the defining function and use the coordinate expression of the Levi form L(r) = |r w | 2 r zz + |r z | 2 r ww − 2Re(r zw rzr w ) .
We get
Hence we have
